G. Dalba, Trento Univ.

Introduction to X-ray diffraction

1) Diffraction: the basic concepts

What it is
When it occours
How it 1s interpreted fenomenologically and matematically

2) The Fourier Transform

How it works
The convolution function
Examples of optical transforms

3) Elements of X-ray diffractions

Diffracton by electrons, atoms, molecules, crystals
Laue equations, Bragg equation, Ewald description
Rotating crystal method, Powder method

The temperature effect




i What's Diffraction?
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f

and interference patterns appear.

Diffraction is the spreading of waves around obstacles.

consequences of diffraction are that sharp shadows are not produced

Diffraction takes place
1. Mechanical waves
water waves, sound;

2. very small moving particles
which show wavelike properties
electrons, neutrons, atoms,

3. with electromagnetic radiation:

light, X-rays, gamma rays;

Be ...

X-ray beaV
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How is it interpreted ?

The phenomenon is the result of interference
i.e., when waves are superimposed, they may reinforce or cancel
each other out

Diffraction pattern

and is most pronounced when the wavelength of the radiation is comparable
to the linear dimensions of the obstacle.
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How is diffraction described?

Volume element, dV k
k
e Diffracted waves
ik 7 -t
o)

e’ (k 7 _wt) incoming wave interacting with the elementar volume dV

The perturbation of dV on the incoming wave is proportional to (7 )av

DIFFRACTED WAVE by dV = fG)dV €’ (E-or)
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How is diffraction described ?

... Superimposition theorem @)

Diffraction pattern= f{r,) ¢’ (ke ry-or) dri +f(ry) € (k- ;o) dr, +. ..

F ) [1E)eCrdar

out Elementary source dr

/
k @) | Active
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i The significance of the inverse transform

The principle of the reversibility light paths

Diffracted waves
Volume element dr F(K) elk'rdk\\““
Incident beam
ek rar //V

Sample

F(k) = [fTr) e’* rdr Ar) = [F(k) e * Tk
K r
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i Diffraction in the back plane of a lens

Focal Plane

Object Image
Diffraction

T fir) = [F(k) e % "dk

F(k) = [fir) e'* Tdr
k
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Spatial filtering

‘g f(r) FT [F(k)]>
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G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd
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Operation of a lens

Lens as back Fourier transform analog device

wad

__________________________________

i - T & o< S~
Gbjet . =~ ®» @ @ ) ¢
Real space -

F(k) = [fir) e'* Tar fir) = [ F(k) e dk
k
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From real to reciprocal space and vice-versa

f(r) and F(k) carry the same information expressed in terms of different variables

I space

T(f(r))
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Mathematical Fourier-backtransform

...Still no lenses for atomic X-rays “microscopy”

X-rays

—

Sample

\

Data collection

+

Data collection

F(k) = [fir) e’*Tdr
k

4

X-ray diffractometer

Back-Fourier
transformation

4 \\‘

} /

Back-Fourier transformation

fr) = [ F(k) e7?* Tk

U

Computer
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i Fourier transforms

1) Diffraction: the basic concepts

What it is
When it occours
How it 1s interpreted matematically and fenomenologically

2) The Fourier Transform

How it works
The convolution function
Examples of optical transforms
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Fourier Transforms

+00

F(k) = j ﬂl)emdl Fourier transform of ~ f(X)

—o0

sin (k, x) f(x Jsin (k, x)

/\A/\M/\ —
V\/\/ﬂ\/vv

sin (k2 x)

sin (k x)

A |_
(i

k, >k,

F(k)= fo(x)sinkxdx



‘L FT of one § functions

/()
f(x)=8(x) !
T s R
g
F(E) = [ fn)eld = [ 6@)e™ dv = [e™] _ = 1
g
1 FE)

F(K)=T(f(x))=T(5(x))

G. Dalba, Trento Univ.



G. Dalba, Trento Univ.

FT of two & functions

f(X)=d(X+X,)+0(X-X,)
A (AX)

F(k)=2 cos kx,(x)
Fk) = [ fo)e™dx = [ (8(x +x0) + 8(x — x0))e™ dx = F(k)

—0 —0

+0 T

- .[ (8(x +x0))e™ dx + I (6(x = x0))e™ dx

= [e7% 4 7] = 2 coskyg




G. Dalba, Trento Univ.

FT of N 6 functions

N=5 N=9
f(x) J(x)
A
‘ - X, Xo > =X Xo X >
F(k)
f LAV/‘\”" AVAVA: AVAVA AVA\O
VRVEAT ARGV
35 X,
4
t/Ak=9xO
. Nkx,
Sin
Flk)=——2
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FT of an infinite series of o function

f(x)
A
F =i
fix) = D 6(x —nxo)
Flm=—0
X, | x, -
F(k)
A
Flm-i
‘ ‘ Fk) = 3 6(k—2nL)
Flm—-— T
o > k
Summary

* The positions of the main peaks in a FT are determined by the spacing x, of
the 0 functions in the original array

=The higher is the number of the d functions the narrower is the width of
the main peak in the FT

*The number of the subsidiary peaks is determined by the total number of
the 0 functions in the original array



Rectangular window FT

/()
-15-105.0 5‘101‘5x
X 027 X Xo
40 1= P.{ - -
Fk) = h | e®ax = h| £ |7 = heg=t =) sina =
—X, 0
21X,
m X _
m) F(k) = 2hX, SHLXDU =) F(k) = Tf(x) xf
ALY N

The more extended f(x) the narrower F(k)

ict

—iat
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Diffraction by one wide slit

Real space

r

@
L |

Holes on black paper

Reciprocal space

Image on film
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Crystalline Structure

as a convolution
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i Convolution Integral

iz

‘ » X

—
[
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c(u)=fA(x)*g(X)

=% T

()= Jf(-x) - x) d

c(u) 1s the convolution integral of f(x) e g(x)
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Convolution function

c(u)= Iﬂ.x) o(u —x) dx

Af(x) A g(X)
L M
e X
y g(—x) y g(u-x) flx)g(u-x)
X u X U X
c(u)

c(u) = f(x)gx)
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i a theorem about convolution

T(f(x)gl)=T(f (e ))xT(g(x))
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Diffraction by two wide slits

1 () Real space 1 () F(x)
| | ” 027 H | = | | 0.2[ | | . ‘ I o
_x0¢ fxo - Xy X, * — X | X0
f(2 wide slits) = f(1 wide slit) * f(2 narrow slits)

Reciprocal space
T f(2 wide slits) =

= T [f(1 wide slit)*Tf(2 narrow
slits)]=

= T f(1 wide slit) x T f(3 narrow slit)
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Two slits diffraction

G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd
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Diffraction by three wide slits

() Real space 1 fex) f(x)
A

0.6’_ 0.6

0.4 0.4

0.2 0.2

! ! A 0 ' J ! x = “““““““““““““““““ * > x
-15 _-mxo -5 s ] ?3(,'0 _Xo Xo - xO xO
f(3 wide slits) = f(1 wide slit) * f(3 narrow slits)
| ||
. <
Reciprocal space , [F(sin6)]?
|[F(sin@)| .
T f(3 wide slits) = ‘
= T [f(1 wide slit) * f(3 narrow slit)]= . . X W W N W —
q . q k;[( _2_75 2_]17 sin 0
= T f(1 wide slit) x T f(3 narrow slit) 0 Iéﬂ\ o, K,
/
/1
/
/
I, \\
=—20 10 v 10 20 Slne




i Three slits diffraction
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Hypothetical benzene molecular crystals

G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd
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4442001 2 3 4 3%

10N

ROTATION

L
x [Lu]

ol & [l &

an identical rotation in reciprocal

A rotation in direct space causes
space.

FRFPEEEER R e FEERPRPEEEE R

L
# [Lu]

[mell £ Il &

is not observed in the reciprocal

Any translation in the real space
Space.

i Traslation and Rotat
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Gas and powder patterns

TRANSLATION

Real space
h/lonaotomic gs Datomic gas °: Z°°o°: Z° §-:§§§
Reciprocal
space

G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd, Plate 16
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Gas and powder patterns

ROTATION

Real space
(i)oic ga |
Reciprocal
space

G. Harburn, C. A. Taylor T. R. Welberry “Optical Transforms” G. Bell& Sons Ltd, Plate 16
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Introduction to X-ray diffraction

1) Diffraction: the basic concepts

What it is
When it occours
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2) The Fourier Transform
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3) Elements of X-ray diffraction
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Mathematical Fourier-backtransform

...Still no lenses for atomic X-rays “microscopy”

X-rays

—

Sample

\

Data collection

+

Data collection

F(k) = [fir) e’*Tdr
k

4

X-ray diffractometer

Back-Fourier
transformation

4 \\‘

} /

Back-Fourier transformation

fr) = [ F(k) e7?* Tk

U

Computer
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‘L Scattering amplitude of electrons

X-rays K.
K. ~H—H—> Sample

Sample = 1 electron

— e_ikO“tR : -
A(K) _ —EOI'e e100'[elK'I'
R
iK-T

=A, €

- iKT
AXK)=A, E c

1
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‘_L Scattering from an atom

Sample = 1 atom

i f, & )-[p() e "dv

Atomic form function

a «U.
80 —ttt ]
7 for K — 0 607 ]
e 4 4
= o 101 79 - Au 1
10 for K— 1 1
20} 0 32 - Ge
O \' — ='—o—o—oJ-

0 5 10 15 20

K=4msind/A (A7)
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* Diffraction from a molecule

Diatomic molecule

el

> iK% iKfy iKf
E, [K)-f, &% 4£, &% of +f, e
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Orientational averaging

H
F_ > r =constant  Spatial orientation = random

For (K )= f +f, eif(-fH I(K)= F,. (K)FHF*(K)=

g2 2 iK T ~iK %y
=1, +1; +f;fye " +1.1,e

\e P
x A s
< 1 o~
__-—» —————— y— ———-F—-} - “
= e > Gas of molecules
£y

(1) = f 4 12 S Sy ()

Orientational average orientational average

sinK-7
=fF2+fH2+2fFfH = “
K-r,




G. Dalba, Trento Univ.

The case of CF, molecules

2000% , .
| . ‘FCF4‘ IZ“C—F bond
- \ ; :
1500pBes s = - <\FCF\>
2
- Mo
‘FCF4 1000 e

500+

-
o
-

] 1 - s 1 e - - ——-rr‘
0 Lot e

2 4 6 8 10

K=4msin0/h (A"

Mo has the same number of electrons of the CF, molecule
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Scattering factor of a crystal

r, locates each atom of the crystal,
R, locates a generic lattice point,

r,, locates the position of each atom
within the base

r,=R +T,, R, = l,a+l,btl;c

Xh - EelK@*lﬂab) Tyt oL

elettrons

. EeiKRIEeiKTab _1-F [ = Eeif(ﬁl F= Eeif(fab
CR — -
R Rl Lib
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The atomic structure factor

F = Eeif(fab _ Ef' eZni(hxj+kyj+lzj)
j
Lab J

X;,¥;,2z; = fractional positions in the unit cell

F is independent on the shape and size of the unit cell.

Simple cubic structure (a-Polonium)
One atom per cell located at: (x;, y,z,) = (0,0,0)

F = fezm(h0+k0+zo) _ f

All the reflections are
allowed
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‘L The structure factor (fcc)

Face-centered cubic (Cu structure)

4 atoms per cell located at:

(x; ¥,2) = (000), (__0), (0__), C0_)

F = fh 4+ £ emiek) g omihet) fem(kn)J

h, k, [ all even or all odd (unmixed) F=4f
h, k, [ mixed _F=0

Allowed reflections: the unmixed ones, i.e. (111), (200), (220), ...

Forbidden reflections: (100), (110), (311), (210),
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Linear array of atoms

[
/\’ Constructive interference
a @ [ -1 =n A\
O - O——— P O-- 1 2 nl
R AN
/ (& b a (cosoc0 —cosa)=xh )
kO

h=0,1,2,.

How many Laue cones?

max value of (cos Q, —Ccosoa )= 2
= 2a=h_h = h_ =2a/\




i Diffraction by a plane array of atoms

a (cosoc0 — cosoc)= +hh h=0,12,.
b(cosBO — cosB)= +kh  k=0,12,...

Laue conditions: {
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Diffraction by a 3 dimensional lattice array of atoms

There will be diffraction only under
the special condition that the
directions O-U. O-V and O-W

coincident

Laue conditions: b(cos[?io - cosﬁ)= kA
c(cosxo - cosx)= =/ A

a(COSOLO — cosoc)= +hh h=0,12,.
k=0,12,..
[=0,1,2,...




Bragg Law

O
Optical path di/]é:ence = 2d sin 0

Constructive interference: Optical path difference =n A, nEN

nh =2d,,,sin0

G. Dalba, Trento Univ.
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Reciprocal lattice

Every real lattice has its own reciprocal lattice

>

Reciprocal lattice

“—

~—_

! |
P T

_{___

——————u
1

T e e

/
T~~_
/

3 1 1
[ S D S
i T 7

Real lattic

e
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Reciprocal lattice construction and properties

1) G, L(hkl)planes

140

130

120

110

230

220

210

200

320

310

300




Ah=2d,, sm6
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Ewald Sphere

Diffracted beam

_ (k — ko)
2m
/ Origin of the
° reciprocal lattice
. 2/
G, - (k—ko) y 1 - 1 4msin® — A =2d,,sind
2 d, 2m




i Ewald Sphere
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Rotating crystal method

Mono-crystall"i-@e s Film
Sample \ _______
Monochromatigvﬁ# \QA
PRIIALY edm Diffracted
beam
-4 Goniometric
holder

rees ‘\ l‘ B -

Quartz crystal rotating
around an axis




+
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Diffraction of crystalline powders

Powder sample

magnification

Diffracted beam

YYTTIIIINY
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Translations and Rotations of crystallites

15 :oo.:::::"“ooo...
10} :: 4r
51 3l .
> 0 E
el
-5
-10 o )
B S ——
4 1dentical single crystallites o h.[r'l'u']
with the same orientation. .. ...their diffraction patterns overlap
‘ “F Tié:“e;;:','"::""*& o
A P
-. . e)::qo ‘..\\‘-.;‘:’__«iﬂ:\;\ “ “?.a\ "4
3 3T e N
ot Sl W B
B AN \.': ‘°'5% B
. R U
R N LRI
LI Th e 8ot
) I AL
: 8 h |r.lu] ’ 1 h2[r.l.u.]
- - ...each diffraction rn rotates : - :
Random orientation of cach d thaCt on patte o of 40 identical crystallites
: min me orientation o -
the 4 crystallites. .. assuming the sa , randomly oriented
the corresponding crystallite
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Crystalline powder reciprocal lattice

Reciprocal lattice

The crystallites are randomly oriented
as well as their reciprocal lattices
which, however, share a common origin.

The spheres are described by the points
of the reciprocal lattices as if single
crystallites rotate.

The reciprocal lattice of a crystalline powder 1s done by concentric
spheres.



i Ewald sphere for powder diffraction

Powder reciprocal lattice

Monochromatic
beam

Ewald sphere

These spheres intersect the Ewald sphere in a set of
circles. The diffracted beams generate a set of cones.
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The powder method

N e Transmitted bean
.
[HEIIEN))

Photographic film
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Diffraction Pattern of a fcc lattice

400 222 220 111 111
HONIIEED)
311 200 200

h k1 all odds or all o all even

All the diffraction patterns relative to the crystalline planes containing atoms in the

lattice points are present; i.e the planes 220 but not the 110.

¢e=0°

Ahead reflection Back reflection
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Lattice parameter calculation

20 =144.5°

20 =84.7°

20 =45.8°

20 =45.8°

> a=d NI +k+ 1

hkl | 20 | dy=2/sin® | q—a > +k>+1*

100 | ¥8 0.294 a=d, N1+0+0 =0.29%nm

110 | %67 0.208 a=d,N1+1+0 =0.208+2 = 0.295nm
111 | 847 a=d N1+1+1=029nm

200 | 102° a=dy\N2+0+0

210 1;9' a=d 24140

21 | 1 a=d, N2+1+1
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‘L Bragg Brentano diffractometer

Line focus

/]
S

: . X
lits T « Slit T KS

Soller S
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Laue Apparatus

Photographic Photographic
film l film
2¢
White Crystals
primary —»—{I T
beam

Diffracted beams
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Planes satisfying the Bragg condition

) 1) 0 © © o o} ¢}
Reciprocal o o
space ©
o) ® @)
o) o) ©
Po/ychromat:c ° ® o °
Primary beam
-------- ~>--o---""e¢l 0 ® & 0 o ©
| Y Origin of the
© © RciproBal lattice
@} (@) o (@) (@)
@ o © *
o @) @) (@)
(@) @) @) ®) 19) 0] ®) o (@)

All reciprocal lattice points belonging to the greater sphere and
not belonging to the smaller sphere satisfy the Bragg condition.
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Laue immages

Transmission mode

Diffracted beams

Polychromatic Photographic film

Incident beam

Crystal

The Laue cones intersect the photographic film in ellipses Be

Back-reflection mode

4

Fascio \ﬂ\
gy >
incidente Cristallo
Pellicola
fotografica

Naftalina minerale
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Temperature effect

=0 T=0
0000 S
oo-o-s oo
o oo [
0060 @ -6-%e0

The increase of temperature has 3 effects:

1 The unit cell expands => The plane spacing d changes=> 2 0 positions change

2 The intensities of the diffraction lines decrease

3 The intensity of the background scattering between lines increases




i Temperature effect

Hypotetivcal pattern

Temperature
diffuse

scattering

JLJLQOJL U

> '
0 180 26 0 90 180 26

T=0, no thermal vibrations T>0, thermal vibrations
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Temperature Factor

u, is the component of the atomic displacement parallel to K

The exponential term is called Debye Waller
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