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In tro ducti on

X-ray pow der dif frac tion (XRPD) tech niques are very ap -
pro pri ate for char ac teri sa tion of var i ous ma te ri als as
non-de struc tive and con tain ing rich in for ma tion on phase
com po si tion, lat tice pa ram e ters, crys tal struc ture and other
as pects of ma te rial struc ture on nano metre and submicro -
meter scale, which can be re lated to ap pli ca tion prop er ties
and hence to be also of tech no log i cal in ter est. Pres ence of
lat tice de fects, their type and con cen tra tion as well as crys -
tal lite size can be de ter mined from width and shape of dif -
frac tion lines. The aim of this con tri bu tion is to give a short
over view of clas si cal ap proaches of a line pro file anal y sis
(LPA) com ple mented with meth ods based on sim u la tions
and fit ting of whole dif frac tion pat terns ad vanced dur ing
the last de cade. The the o ret i cal sum mary is sup ple mented
with some prac ti cal ex am ples.  

Di rect and who le pro fi le mo del ling tech niques

Al ready at the birth of the XRD anal y sis Scherrer (1918)
[1] uti lized a sim ple re la tion be tween dif frac tion peak
width and par ti cle size. Vari a tions of the lat tice pa ram e ter
be tween in di vid ual crys tal lites or lat tice de for ma tions
around de fects were then in cluded in the Wil liam son-Hall
plot method [1], which links in for ma tion from mul ti ple hkl
re flec tions to sep a rate the size and strain re lated broad en -
ing ef fects. Fou rier trans for ma tion of in ten sity data and
again the anal y sis of re flec tions of dif fer ent or der are the
ba sis of the War ren-Averbach method [1]. This tech nique
can re veal finer de tails in the real space with out pre lim i -
nary as sump tions about the microstructure model.

Gen er ally any LPA method in tro duces some ap prox i -
ma tions and in deed some of them re quire ill-posed steps,
such us deconvolution. A com mon at trib ute of all the meth -
ods men tioned is that re flec tions in the pow der pat tern are
ana lysed sep a rately, which be comes prob lem atic due to
strong peak over lap es pe cially in the case of nano -
crystalline or low sym me try ma te ri als. It can be solved by
in tro duc tion of the Rietveld method. All peaks in the dif -
frac tion pat tern are fit ted si mul ta neously on a ba sis of some 
model, which pa ram e ters are re fined. Most of mod els used
also by di rect meth ods can be gen er al ised and adapted also
for the Rietveld tech nique. E.g. ani so tropy (hkl de pend -
ence) of peak broad en ing can be ac counted for any type of
crys tal sym me try [2,3]. For com pu ta tional sim plic ity an a -
lyt i cal pro file func tion, e.g. pseudo-Voigt func tion, are uti -
lized to de scribe peak pro files in the clas si cal Rietveld
pro grams. Nev er the less in many cases, see  Fig. 1 show ing

peak broad en ing in fcc metal sam ple in duced by stack ing
fault de fects [4], peak shape can be quite com plex. Hence it 
was pro posed by Scardi&Leoni (2000) [5] and Ribárik& 
Ungár [6] to sim u late shape of dif frac tion pro files from a
microstructural model suit able for a par tic u lar ma te rial and
prob lem un der in ves ti ga tion. This tech nique of the whole
pow der pat tern mod el ling (WPPM) makes it pos si ble to
determine e.g. stacking fault probabilities or dislocation
densities in severely deformed (SPD) metals [6].

At first the WPPM method was ap plied to some model
cu bic [5-6] or hex ag o nal ma te ri als. How ever, as in the last
de cade mainly nano-ma te ri als stay in the cen tre of in ter est,
va lid ity of an ad di tional ap prox i ma tion pres ent also in
WPPM was dis cussed. This im por tant as sump tion is
known in War ren [1] as a “pow der dif frac tion the o rem” or
in Beyerlein (2011) [7] as a “tan gent plane ap prox i ma tion”. 
The prob lem can be in trin si cally solved if the pow der pat -
tern is cal cu lated from the atomistic model us ing a well
known Debye for mula. This tech nique can be used for cal -
cu la tion of scat ter ing from var i ous nano-ob jects as
nanotubues [8] etc., but it is hardly scal able to larger 3D ob -
jects be cause of its com pu ta tional com plex ity.

Fig ure 1. Sim u lated dif frac tion pro file for a fcc cop per
polycrystalline spec i men with in trin sic stack ing faults. 311 re -

flec tion, stack ing fault prob a bil ity a = 0.05. Thick black line de -
picts the whole dif frac tion pro file. Col our lines show its
subcomponents. The stack ing fault ef fect was con vo luted with
size broad en ing to avoid the delta peak from un af fected com po -

nents. Crys tal lites size was set to D ~ 200 nm. Sim i lar fig ure can

be seen in Balogh et al. [4]. (q = 4p sin Q / l).
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Lat ti ce de fects 

In WPPM the microstructural mod els are usu ally build in
the real space, where Fou rier co ef fi cients are de rived and
the pro file is cal cu lated by means of Fou rier trans for ma -
tion. In this con tri bu tion a for mal ism in tro duced by
Wilkens [9] and Krivoglaz & Ryaboshapka [10] for dis lo -
ca tion in duced broad en ing will be briefly pre sented. Its ap -

pli ca tion will be dem on strated on SPD cop per sam ples and
nanocrystalline metal sam ples, where also stack ing fault
de fects (Fig. 1) play an im por tant role.

Na nostructu res and size ef fects 

De ter mi na tion of crys tal lite size dis tri bu tion will be il lus -
trated on model TiO2 sam ples pre pared by dif fer ent chem i -
cal routes. Nev er the less in these sam ples the broad en ing
ef fect is dom i nat ing (Fig. 2), it should be borne in mind that 

Fig ure 2. Wil liam son-Hall plot of a TiO2 sam ple pre pared by hy -
dro ly sis of n-butoxide [11] at tem per a ture 300 °C (cir cles) and at
450 °C (tri an gles).The in te gral breadths of ana tase re flec tion
with in stru men tal broad en ing al ready deconvoluted are plot ted.
It has to be also con sid ered that there is a very strong peak over lap 
- es pe cially for the sam ple pre pared at 300 °C (see Fig. 4).

Fig ure 3. Wil liam son-Hall plot of a TiO2 sam ple pre pared by hy -
dro ly sis of isopropoxide [11] at tem per a ture 400 °C. A sig nif i -
cant microstrain broad en ing is ev i dent.  

Fig ure 4. Pat tern fit of a TiO2 sam ple pre pared by hy dro ly sis of n-butoxide at tem per a ture 300 °C [11]. Small ma genta ticks at the bot -
tom mark the ana tase re flec tions, whereas the cyan ticks above in di cate re flec tions from the mi nor phase (here brookite).
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also pres ence of microstrain can not be al ways ne glected
(Fig. 3). A pat tern fit of a model sam ples is de picted in Fig.
4. Be side the ap prox i ma tions men tioned above also an ef -
fect of crys tal lite shape will be dis cussed (Fig. 5).

Other ef fects

When com pared to the di rect meth ods ana lys ing re flec tions 
sep a rately, the whole pow der pat tern mod el ling tech niques 
have also a sig nif i cant draw back. There is com plex in for -
ma tion en coded by na ture in the ex per i men tal pat tern. The
di rect meth ods can sim ply sep a rate in di vid ual ef fects, by
ne glect ing their mu tual in flu ence in the anal y sis, e.g. it is
as sumed that re flec tion po si tion is not re lated to its width
and shape. Con trary the whole pat tern fit ting pro ce dure has 
to ac count for sev eral ef fects mixed to gether to reach good
pat tern fit and re li able re sults. Back ground scat ter ing, re -
sid ual stresses and tex ture have to be also in cluded.

Com pu ter pro grams 

There are many com puter pro grams suit able for mod el ling
pow der dif frac tion pro files. Some of them (PM2k [12],
Maud [13] and MStruct [14]) will be briefly in tro duced.
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Fig ure 5. Sim u lated Wil liam son-Hall plots for ana tase crys tal lites of bipyramidal shape and dif fer ent ar eas ra tio of {101} and {001}
fac ets. It is vis i ble that some par tic u lar con fig u ra tions (de picted by squares) are hardly dis tin guish able from the iso tro pic one for the
spher i cal crystallites (line).
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The pro gram, writ ten in Microsoft Ex cel, is based on “Gen -
eral least-square anal y sis” [1]. The gen eral equa tion (1) for
mac ro scopic stress is used.  Thus, no lim i ta tions for an gles 

j, y, qare used as is for ex am ple in method sin2y plot or its
mod i fi ca tion [2]. 
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The pro gram fea tures can be sum ma rized as:

• Data from dif fer ent diffractometers with var i ous
wave lengths can be used to gether in one com pu ta -
tion of stress ten sor. The cor rec tion for sam ple dis -
place ment and zero shift er rors are also in cluded. 

• The pro gram is very ap pro pri ate for de scrip tion of
strain depth gra di ents.  All stress ten sor com po nent
are de scribed by poly no mial rep re sen ta tion (to
fourth or der) as func tion of depth. 

• The pro gram also en able to de ter mi nate the lat tice
pa ram e ter also with it depth evo lu tion. The poly no -
mial rep re sen ta tion (to sec ond or der) for lat tice pa -
ram e ter is used. See sec tion deep av er ag ing in
chap ter 3.10.

• The elas tic ani so tropy is de scribed by Neerfeld-Hill
model with weight fac tor be tween Reuss and Voight
mod els. The weight fac tor can be also de ter mined
from re fine ment. For cu bic sym me try is enough to
en ter only the elas tic con stants c11, c12 and c14 and the
X-ray elas tic con stants are com puted on the base of
hkl. For non-cu bic sym me try for ev ery used hkl the
X-ray elas tic con stants has to be en tered. 

• If ex per i men tal data was col lected at var i ous tem per -
a tures the pro gram en ables cor rec tion for it us ing lin -
ear co ef fi cient of tem per a ture ex pan sion.

• The data col lected from dif fer ent depth can be used
for the stress ten sor de ter mi na tion with depth gra di -
ents. 

• Two kind of graph i cal out put are pre-con structed.

The sin2y plot is used for vi sual com par i son be tween
mea sured and com puted ex per i men tal data. For re -
view of cor rect ness all com po nents of stress ten sor
are plot ted as func tion of depth.

• The pro gram is con nect ing strain, stress and tem per -
a ture ef fect on inter-pla nar dis tance and as such is
not only lim ited to mac ro scopic stress anal y sis but it
can work in op po site way or the ma te rial con stant
can be vari ables (e.g.: from known stresses and
strains the elas tic con stants can be de ter mined; from
known tem per a tures and inter-pla nar dis tances the
lin ear co ef fi cient of ther mal ex pan sion can be de ter -
mined).

The pro gram is rel a tively com plex and is not suit able
for be gin ners in mac ro scopic stress anal y sis since the num -
ber of refinable pa ram e ters is larger than in for ma tion given 
by po si tion of usu ally mea sured peaks. Nevertheless, for
ex pe ri enced user can of fer very ap pro pri ate tool for his re -
search. More over, the big ad van tage of the pro gram is that
it can be eas ily mod i fied by user with stan dard knowl edge
of Microsoft Ex cel pro gram. 

This re search was sup ported by the pro ject FR-TI3/814 of
Min is try of In dus try and Trade of the Czech Re pub lic.
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Refractories used in the push fur nace and cast ing la dles
are not only ex posed to high tem per a tures, but also to the
ox ide ma te ri als, which are pres ent in liq uid slag and steel.
Knowl edge about changes in the struc ture in that part of the 
refractories, which come into con tact with the liq uid slag,
has prac ti cal im por tance in op er a tion of these fa cil i ties.
The nu mer ous refractories are used in real prac tice, which
have a com mon ba sis con sist ing of sin gle ox ides such as
Al2O3, MgO, CaO, ZrO2, SiO2 etc., be cause these ma te ri als 
to gether with the car bon  melt at high tem per a tures.

Ox ides form ing the slag based on el e ments as: Fe, Al,
Ca, Si, Mg, Na, K etc., in many cases sig nif i cantly af fect on 
the ba sic re frac tory ma te ri als. A num ber of new min er als
and phases with real struc tures form in the af fected in ter ac -
tive lo ca tions, their het er o ge ne ity and abil ity to pen e trate
into the struc ture of ba sic refractories is the sub ject of con -
tin u ous study, in which X-ray dif frac tion method is very
use ful. The re fine ment of X-ray re cords by Rietveld
method is con sid ered an es sen tial prac tice of real ma te rial
struc ture study. The TOPAS and AutoQuant soft ware,
which were em ployed to clar ify the dif frac tion pat terns are
very pow er ful tools and al low solv ing a very dif fi cult tasks. 

In nor mal use of the Search-Match pro grams, it have been
con sid ered as good re sults when 3 to 5 phase were qual i ta -
tively de ter mined from the dif frac tion re cord, cur rently the
soft ware com bi na tion  al lows ac cu rate and quan ti ta tive de -
ter mi na tion of more then 10 phases in dif frac tion re cords.
Ex pe ri ence shows that it is pos si ble and nec es sary. In the
fig ure 1 is shown an ex am ple the dif frac tion pat tern of the
re frac tory ma te rial in af fected area, which in pure form
con tained only 75% Al2O3, 18% SiO2 and 5% ZrO2.

The re al ity of struc ture has been shown also with
change of lat tice pa ram e ter, which de pends on ma te rial
type and on the dis tance from the ox ide layer sur face.
These changes can be ob served mainly in the spinel struc -
ture. Changes in spinel struc ture af fected by ox ide layer are 
qual i ta tively and quan ti ta tively pre sented for selected
refractories. 

1.  J. Staroò, F. Tomšu, Žiaruvzdorné Materiály Výroba,
Vlastnosti a Použitie. Slovmag a SMZ. 2000.
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Fig ure 1.  X ray re cord from the af fected area of re frac tory ma te rial. 


