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KUMULANTY V PROFILOVÉ ANALÝZE

M. Èeròanský

Fyzikální ústav AV ÈR, v.v.i., Na Slovance 2, 182 21 Praha 8, Èeská republika
cernan@fzu.cz

Kumulanty, resp. semiinvarianty jsou po momentech dalším
pojmem z teorie pravdìpodobnosti a matematické statistiky,
které lze výhodnì využít pøi analýze profilù difrakèních linií.
Obvykle se definují následujícím zpùsobem.

Oznaème f(x) jako hustotu (rozložení) pravdì po dob nosti
náhodné promìnné x. Jinými slovy, pravdìpodobnost toho,
že náhodná promìnná x je z intervalu (x, x + dx) je f(x)d(x) a
zøejmì platí podmínka pro normování pravdìpodobnosti
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K hustotì pravdìpodobnosti f(x) se v pøípadì spojité náhodné 
promìnné x definuje, napø. [1, 2],  pravdìpodobnostní
vytvoøující funkce G(t) = G(t; f) vztahem

G t f x t dxx( ) ( )= ò      (2)

Položíme-li v (2) t = ea, obdržíme momentovou vytvoøující
funkci 
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a rozvojem logaritmu momentové vytvoøující funkce M(a)
dostáváme vytvoøující funkci kumulantù
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kde kn jsou kumulanty hustoty pravdìpodobnosti f(x).
      V praxi se vìtšinou kumulanty poèítají z momentù pomocí 
rekurentního vztahu
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kde mn jsou momenty kolem poèátku
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Èíslo n je øád momentu nebo kumulantu. Speciálnì k1 =  m1,
t.j. první kumulant je roven tìžišti rozložení f(x).  Pro další
kumulanty pak z (5) vychází
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Vztahy pro výpoèet kumulantù z centrálních momentù 
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jsou zøetelnì jednodušší
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a vidíme, že druhý kumulant je roven varianci funkce
f(x).
      Pøi analýze difrakèních profilù jsou nejužiteènìjší ty
vlastnosti kumulantù, které souvisí s konvolucí. Je
známo, že tìžištì konvoluce h =f * g je souètem tìžiš•
funkcí f a g a totéž platí pro vari ance [3]. Stejnì
jednoduchý vztah platí ještì pro tøetí centrální momenty,
ale pro momenty vyšších øádù platí složitìjší vztah [4]
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Naproti tomu pro kumulanty funkcí v konvoluci h = f * g
platí pro všechny øády n [1, 5]

k k kn h n f n g, , ,= +            (16)

Dále mají kumulanty velmi cennou vlastnost u
vícenásobné konvoluce h = p * q * r * s * t... [5]

k k k k k kn h n p n q n r n s n t, , , , , , ,= + + + +            (17)

která byla navržena k analýze kombinace jednotlivých
geometrických aberací zpùsobených nedokonalostí
pøístroje [6].

Kumulanty byly použity rovnìž pøi interpretaci
fyzikálních profilù [7], zejména pøi analýze metody
ètvrtých momentù na urèení velikosti krystalitù a
mikrodeformací z jedné linie [8-10].

Ze snadno vypoètených kumulantù lze pøímo nebo
pomocí momentù vypoèíst hledanou funkci, napø.
fyzikální profil f. K tomu lze použít vztahy [11, 12]
inverzní k rovnicím typu (14)

m k k4 4 2
23= +                          (18)

a pak použít napø. Edgeworthovu øadu [7, 11], nebo
Grammovu-Charlierovu øadu [7, 12], pøièemž poèet
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èlenù mùže být malý. Zpravidla staèí rozvoj do ètvrtého
momentu [11].                                          
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Sam ples for in ves ti ga tion by means of X-ray dif frac tion
are fre quently pre pared solely and, there fore, suit ably for
the ex per i men tal ar range ment, which of ten im poses strin -
gent con di tions to its shape, mass and di men sions. How -
ever, real sam ples from in dus trial pro duc tion can not be
usu ally cut into fea si ble parts with out chang ing their struc -
tural and phys i cal prop er ties. Gen er ally, sam ples’ amend -
ments can even lead to re dis tri bu tion of re sid ual stresses by 
in duc ing new plas tic de for ma tions. Con sec u tive in spec tion 
of such ar ti fi cially cre ated ob jects has only lim ited rel e -
vance to the orig i nal state which is the cen tre of in ter est.

The ap pro pri ate at ti tude to XRD mea sure ments of
bulky and heavy sam ples is, first of all, a choice of con ve -
nient goniometer ge om e try. The theta-theta goniometer
con fig u ra tion of fers com par a tively large space for sam ple
han dling. Pref er a bly, the sam ple mount ing should be ex ter -
nal and, thus, al low ing place ment of large vol ume be neath
the in ves ti gated sur face. Such ex ter nal mount ing stages
should have large travel range with small est pos si ble po si -
tion res o lu tion and read ing ac cu racy in both ver ti cal and
hor i zon tal di rec tions. Con se quently, suf fi ciently pre cise
po si tion con trol can not be omit ted. This can be done by a
high pre ci sion la ser sen sor for di men sional mea sure ment
which has am ple res o lu tion up to 0.001 mm.

In the ex per i ment, three types of ma chined sur face lay -
ers for guide gibs of di men sions 160 × 105 × 45 mm3 were
ex am ined. Sam ples from the steel 11 375.0 were ma chined
by mill ing, grind ing, and scrap ing. Semiproducts were cut
from the steel sheet with out any heat treat ment by us ing an
acet y lene jig-burner. The aim of the re search was to char -
ac ter ize each sur face by state of mac ro scopic re sid ual
stress on the very sur face and in near sur face area of ca 200

mm in depth. More over, pro files of dif frac tion line {211}

of a-Fe phase were used for cal cu la tion of microstrains and 
do mains of co her ent scat ter ing by the sin gle line Voigt
func tion method [1]. Micro hard ness and metallographic
mea sure ments pro vide a sup ple ment to dif frac tion re sults.

Sam ple po si tion ing in the X’Pert PRO diffractometer is 
de picted in Fig. 1. A set of mo tor ized and man ual ver ti cal
and hor i zon tal stages by Standa [2] was used for sam ple
set ting-up. Be cause the la ser sen sor was not avail able,
mount ing to the de sired po si tion was per formed by a sim -
ple and straight for ward align ment pro ce dure rec om -
mended by PANALYTICAL. Its ba sic prin ci ple lies in a flat

Fig ure 1. Mount ing of a guide guib for re sid ual stress
mea sure ment by X’Pert PRO.



sur face po si tion ing to the level when it in ter sects the in ci -
dent beam into two equiv a lent halves [3] which can be ver i -
fied ei ther by a suit able gauge or by in ten sity mea sure ment.

State of bi axial mac ro scopic re sid ual stress (RS) (Fig.
2) on the sur face was es tab lished on three cho sen ar eas of
each sam ple in or der to find out, in the first ap prox i ma tion,
level of RS ho mo ge ne ity in fi nal sur face. RS depth dis tri -
bu tion was ob tained by suc ces sive layer re moval by elec -
tro-chem i cal pol ish ing. Sets of dif frac tion data were
eval u ated by cen tre of grav ity al go rithm and bi axial state
was as sumed, shear stress was re corded only in ground sur -
face. Re sults of RS af ter layer re moval were cor rected ac -
cord ing to Moore and Ewans method [4].
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Fig ure 2a. Re sid ual stress dis tri bu tion in milled sur face.
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Fig ure 2b. Re sid ual stress dis tri bu tion in ground sur face.
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Fig ure 2c. Re sid ual stress dis tri bu tion in scraped sur face.
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X-ray pow der dif frac tion anal y sis of thin polycrystalline
films in the coplanar graz ing exit (GE) par al lel beam ge om -
e try was tested. De pend ence of the dif frac tion peak in ten -
sity on the beam in ci dence/exit an gle, which can not be
in ter preted by a sim ple for mula for ab sorp tion in the film
[1], was ob served for very thin films (<~100 nm for TiO2).
This ef fect is con nected with the well known Yoneda peak
in the trans par ency of the film sur face in ter face. The re frac -
tion cor rec tion of peak po si tions and pen e tra tion depth [2],
and also dy nam i cal ef fects of mul ti ple scat ter ing of pri -
mary/dif fracted beam in the film [3] should be con sid ered.
In com par i son with the com mon coplanar graz ing in ci -
dence ge om e try, by GE tech nique lower in ten sity gain for
thin film can be achieved. How ever,  if the PSD de tec tor is
used, 2D maps of scat tered in ten sity with high res o lu tion
(be cause of nar row dif fracted beam) can be ob tained in a
rea son able time. More over, they are not af fected sig nif i -
cantly by in stru men tal and sam ple ef fects. The tech nique is 
very use ful for de ter mi na tion of the film thick ness, depth
pro fil ing of phase com po si tion, the re frac tion in dex de ter -
mi na tion and gen er ally for study of real struc ture of thin
films and multilayers with com mon lab o ra tory diffracto -
meters.
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Ti ta nium di ox ide films have found many dif fer ent ap pli ca -
tions be cause of sev eral ex cel lent prop er ties. First of all,
this is photocatalytic ac tiv ity and hydrophilicity af ter ir ra -
di a tion by UV ra di a tion. More over, they are chem i cally
sta ble and can have rea son ably high hard ness.

How ever, these prop er ties de pend sig nif i cantly on the
crystallinity, phase com po si tion and microstructure of the
films. In this study, crys tal li za tion of amor phous films with 
dif fer ent thick ness (50-2000 nm) de pos ited on sil i con sub -
strates was in ves ti gated by in-situ isochronal and iso ther -
mal an neal ing at dif fer ent tem per a tures and com pared with
the post-an neal ing of both amor phous and nanocrystalline
films. 

The X’Pert Pro diffractometer with MRI high-tem per a -
ture cham ber and par al lel beam ge om e try with Goebel mir -
ror, for tex ture and stress mea sure ments, the Eulerian
cra dle and polycapillary were used, re spec tively.

In ear lier ex per i ments, crys tal li za tion tem per a ture of

about 250 °C was found for thicker films while it was
some what higher for very thin films (be low 200 nm) [1, 2].

There fore in-situ mea sure ments were per formed at

slightly lower tem per a tures (180 °C, 220 °C) and time
dependences of  se lected XRD pro files were in ves ti gated.
It was found, that the pro cess can well be de scribed by the
mod i fied Avrami equa tion (see Fig. 1) that is ap plied to in -
te grated in ten si ties of the dif frac tion peaks,

Fig ure 1. Sim u lated de pend ence of the in te grated in ten sity of

ana tase (101) dif frac tion line on the exit an gle af, for pow der
TiO2 films of dif fer ent film thick ness. Mea sured in ten sity for
the thin nest film (50 nm) is de picted in the right plot.



 I = 1-exp[-b(t–t0)
n)], 

where the ex po nent n was in the range 2-2.5 and it was
slightly in creas ing with the film thick ness. This lower
value may in di cate two di men sional char ac ter of the crys -
tal lite growth. The ini tial time t0 of crys tal li za tion (non-
 zero in ten sity) in creases nearly ex po nen tially with the de -
creas ing thick ness while the slope b in creases sig nif i cantly
for thicker films. Typ i cal time nec es sary for the crys tal li za -
tion of the whole film vol ume var ied from sev eral hours for 
thicker lay ers to about ten days for the thin nest films, for

the used tem per a tures. Mesurements con firmed that the
crystallization of very thin films is rather slow (Fig. 2).  

Fast crys tal li za tion of the or der of min utes ap peared at

230 °C for thicker films and was higher (290 °C) for the
thin films with the thick ness be low 100 nm. This only con -
firmed the re sults ob tained on post-an nealed films. 

Weak tex ture was chang ing dur ing the crys tal li za tion
since the intensity ratii of dif fer ent peaks were var ied with
annealing time. At the be gin ning, the crys tal lites with the
(00l) ori en ta tion were de vel oped. How ever, af ter com plete
crys tal li za tion, the tex ture was weak ex cept the very thin
films (be low 100 nm). 

Sig nif i cant shifts of dif frac tion peaks with the tem per a -
ture were ob served and ten sile re sid ual stresses were con -

firmed by the sin2q method for dif fer ent dif frac tion peaks.
They de crease with the in creas ing film thick ness. Line pro -
file anal y sis in di cated the growth of rel a tively large crys tal -
lites (100 nm) al ready at the be gin ning of crys tal li za tion
un like the films which were de pos ited as nanocrystalline

with the crys tal lite size of 5-10 nm which re mained

nanocrystalline to rel a tively high tem per a tures (600 °C).
 

The work is sup ported by the Grant Agency of the Czech
Re pub lic (no. 106/06/0327) and Grant Agency of Charles
University.
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Fig ure 1. Nor mal ized in te grated in ten sity of ana tase dif frac tion
peak 101 in de pend ence on an neal ing time for the 630 nm thick
film, dots - ex per i men tal data, line - fit ted mod i fied Avrami
equa tion.
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Fig ure 2. Nor mal ized in te grated in ten sity of ana tase dif frac tion peak 101 in de pend ence on an neal ing time (an neal ing tem per a ture 180

°C) for films of dif fer ent thick ness. Val ues were cal cu lated by mod i fied Avrami equa tion with the pa ram e ters fit ted on ex per i men tal
curves (Fig. 1). The thin nest film (48 nm) was heated to 220 °C.


