Tenzorovy popis fyzikalnich vlastnosti

Typ veliCin
¢ skalarni - hmotnost, objem, energie, teplo, ...

¢ vektoroveé - intenzita elektrického a
magnetického pole, gradient teploty a
koncentrace, difuzni tok, ...

¢ tenzorové - mechanické a elektrické napéti,
deformace, difuzni koeficient, ...

Tenzor vyjadruje zavislost fyzikalni viastnosti
na krystalografickém smeru.



Priklady

¢ Pyroelektricky jev

AP = PAT

max = 3 komponenty
¢ Elektricka vodivost i=SE

max = 9 komponent J=-DVc
< Difuzni tok

max = 9 komponent
¢ Mechanicka deformace



Nezavislé slozky tenzoru vlastnosti

Bijk... :Tijk...lmn...Almn...
fad p tad p + q rad q

Skupina Fyzikalni veli¢iny Nezavisle
slozky
1 skalar skalar 1
2 skalar vektor 3
3 skalar symetricky tenzor 6
4 skalar nesymetricky tenzor 9
vektor vektor
5 vektor symetricky tenzor 18
6 vektor nesymetricky tenzor 27
7 symetricky tenzor symetricky tenzor 36
8 symetricky tenzor nesymetricky tenzor 54
9 nesymetricky tenzor nesymetricky tenzor 81




Redukce nezavislych slozek diky

symetrii

Bodova 1 2 3 4 5 6 7 8 9
grupa

2 1 1 4 5 8 13 20 28 41
mm?2 1 1 3 3 5 7 12 15 21
mmm 1 0 3 3 0 0 12 15 21
4 1 1 2 3 4 7 10 14 21
3m 1 1 2 2 4 5 8 10 14
6/m 1 0 2 3 0 0 8 12 19
6/mmm 1 0 2 2 0 0 6 7 10
432 1 0 1 1 0 1 3 3 4
m-3m 1 0 1 1 0 0 3 3 4

Dalsi redukce diky zakonu zachovani energie (a;, = a,;)

Elektricka vodivost v kubickych krystalech je skalar




Fyzikalni vlastnost v urcitém sméru

Vlastnost T P, = > T q
_ “ Smérové kosiny
Hodnota vlastnosti T _p
ve sméru [T], = F c, =cos(q, X, )
P; = ZTik qc, IZ T Cy
Kk k
[T ]q — Z Z CiT ika p' = Zci Pi :Z ZCiTika
i k i i k

Pro symetricky tenzor

2 2 2
[T], =TuCi +TyC, +TCs +2T,C.C, + 2T,5C,C5 + 2T,5C,Cy

Kvadrika Z Z XiT X, = 1
i k
Plocha druhého stupné

1 pro kladné T;; elipsoid



Younguv modul

Aratiiepy blanatase. 1/8(c)[33 clanatase - 1/1
0., 0
5 [100] s
5 | 5
d)anatase — 1/E(q)[35] o e anatase  Kpu®

(1/TPa) (10-9) 5 5




Neumannuv princip

Symetrie fyzikalni vlastnosti nemiize byt nizsi, nez je
symetrie dana bodovou grupou krystalu.

Grupa G+ operaci symetrie fyzikalni vlastnosti T krystalu musi
obsahovat vSechny operace symetrie bodové grupy K tohoto
krystalu. Grupa K je tedy podgrupou grupy G, K < G+.

Specialni aplikace: Index lomu kubickych krystali je popsan degenerovanym
elipsoidem (kouli). TotéZ plati pro (anizotropni) teplotni kmity atomu.

Naopak: NejvySsi moznou symetrii krystalu Ize urcit ze symetrie jeho
(fyzikalnich) vlastnosti



Voigtuv princip

Pro splnéni Neumannova principu je postacujici invariantnost
slozek tenzoru T (tenzoru fyzikalnich vlastnosti) pii operacich
symetrie grupy K (krystalove symetrie).

Tenzor fyzikalni vlastnosti se nesmi ménit pri Zzadné operaci
grupy symetrie K krystalu.

Aplikace: Vztahy mezi jednotlivymi komponentami tenzoru T
Ize urcit pusobenim operaci symetrie na T.

Pr. — dvojCetna osa podél x,,
c),=—-¢,C,=¢C,,C';=—C,

T,,=T,, =0 C 1
2 =3 4 nezavislé slozky



Curieuv princip

Krystal zmeni svoji bodovou symetrii pod viivem
vnéjsiho pusobenti tak, Ze zachovd pouze ty prvky
symetrie, které jsou spolecné s prvky symetrie tohoto
pusobeni.

—~—

K=KnG
K ... bodova grupa symetrie krystalu

G ... grupa prvkit symetrie vnéjStho pusobeni

/N




Pii skalarnim pusobeni nemiiZe dojit ke zméné symetrie (napr. teplotni roztaZnost).

Kubicky krystal m-3

Homogenni jednoosé mechanické napéti ve sméru [001]

oo/m (2/m, 2/m, 2/m ...)

e & @ Ortorombickd mmm
3 b

Elektrické pole ve sméru [001]

o commm ...
\ .y
Ortorombicka mm2
a b Ztrata sttedu symetrie

10



Strukturni fazove prechody

BaTiO; nad 405 K kubicky, m-3m, paraelektricky

2718 K<T<405K

183K <T<278K

T<183 K

Polarizace || <001>
Grupa 4mm, tetragonalni ferolektricka faze

Polarizace || <110>
Grupa mm2, ortorombické ferolektricka faze

Polarizace || <111>
Grupa -3m, trigonalni ferolektricka faze

11



le 32 bodovych grup

Symetrie 3
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1=C
1 = C;
2=0
m=Cg
2/m = Cyy
222 =1I»
mm?2 = Cay
mmm = Dy,
3=C

3 =Cjy;
32=10Dn

§m = C_ﬂ.i_.r
Im = D?.d
4=0C

4 =584

4/m = Cyy
422 = D,
dmm = Cyy
42m = Dy

4/mmm = Dyy,
6 =Cg

6 = C3p
6/m = Cgp
622 = Dg
6mm = Cgy
6m2 = Dz

6/mmm = Dgy,
23=T

m3i =171}
432 =0
43m =Ty

mim = Oy

Kaolinite
Copper sulfate
Sucrose
Potassium nitrite
Orthoclase
lodic acid
Sodium nitrite
Forsterite
Nickel tellurate
[lmenite
Low-quartz
Lithium niobate
Corundum
lodosuccinimide
Boron phosphate
Scheelite
Nickel sulfate
Barium titanate
Potassium dihydrogen
phosphate
Rutile
Nepheline
Lead germanate
Apatite
High-quartz
Zincite
Benitoite
Beryl
Sodium chlorate
Pyrite
Manganese
Zincblende
Rocksalt

Al251205(0H)4
CuS0Oy - 5H,0O
Ci12H120y,
KNO>
KAISi;0g
HIO;

NaNQO»

Mg, SiO4
NizTeOg
FeTiOs

5102

LiNbO4
Al,O5
C4H4INOA
BPO,4

CaW0Oy
NiSOy - 6H,0
BaTiO;
KH->PO,4

Ti0>
NaAlISi10y4
Phj GE_:,'D] 1
Cas(POy4)3F
5102

ZnO
BaTiS130g
Be; A]-;_r Siﬁﬂ'”@
NaClO3
F«E:Sg

£-Mn

ZnS

NaCl

Piiklady
Bodove symetrie




I 0O I O

| ... anorganicke

1 067%  1.24% 422 0.40%  0.48%
1 13.87 19.18 4mm 030 009 72%am,o
2 221 6.70 12m 082 034
m 1.30 1.46 4/mmm  4.53 069  O..Organické
2/m 34.63 4481 6 0.41 022
222 3.56 10.13 6 007 001 94 % a m. o
mm2 332 3.31 6/m 082  0.17
mmm  12.07 7.84 622 024 005
3 0.36 0.32 6mm 0.45 0.03
3 121 0.58 6m2 0.41 002 | anorganické
32 0.54 0.22 6/mmm 282 005
I
315 025wy os4 ons 82 Ycentrosymetricke
4 0.19 0.25 432 0.13 0.01 o
1 0.25 0.18 13m 1.42 0.11 O... Organicke
4/m 1.17 0.67 m3m 666  0.12

75 % centrosymetrické

Populace bodovych grup ve vyskytujich se strukturach



Latky, které mohou byt

Piezoelekrické 22 %
Pyroelektricke 12 %

Dvojlom 95 %
Opticky dvojosé 87 %
Opticky jednosé 8 %
Opticky izotropni 5 %

Opticky aktivni (enantiomorfni)

15 %

18



Symetrie polykrystalickych materiali

o Q

R
- (@

/
S
/\\\\

Curieovy grupy

Curie group  Symmetry operators

00 o0 || Z3

oom o0 || Z3.m 1L Z;

00?2 o0 || Z3, 2| Z1

oo/m o0 || Zz.m L Z3

o0/ mm o0 || Zz.mLZz, mLZ

o000 o0 || Z3, o0 || Z;

0CO0m 0 || Z3, o0 || Zy, m L Zy
Minimalni
symetrie

oo

< @)

[
\

v
goYA)

o
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Symetrie kapalin

m .
I mn

00 00

O;Wf”&
ﬁﬁc:j:’&
Liquid
OOO ° o — /{
o’ 575 e

Nematic liquid

crystal

oo M

g
s’

Polar liquid crystal

Enantiomorphic
liquids

= 88
g8 8%

s

$
SR

(= ]

st

t
E%/?,%,

N
Ambidextrous
liquid

Cholesteric liquid

3%

LR, m%

.
et

Polar enantiomorphic
liquid crystals

crystals




Heckmannuv diagram

Electric field

/\
Susceptibility

N/

Polarization
/
Piezoelectricity Pyroelectricity
Strain Entropy
/S / NN\
Elasticity Specific heat
/ / NN
Stress Thermal Temperature

expansion

21



Magnetization

Magnetoelectricity Piezomagnetism

Pyromagnetism

Electric field ®&=----------4----------- Mechanical stress

Temperature change

22



First rank (vector
Zero rank (scalar) + ( )

-
N

N

Density _ Pyroelectricity

Third rank tensor

Second rank
/\ tensor g_
\j Thermal conductivity |

Fourth rank tensor
elasticity

Piezoelectricity

"=T
I; = ayT;
'F — - o
I = aikajTw

Tsa'k = dildjmkn Timn

eeef]
|

Tszkf — UimUjndkod]p Tmrmp

Sphere
Vector
Quadric
Cubic
Quartic



Per elektrina - zmena polarizace pii zméné teploty
PI‘ — D{' =IIJ,3T [C/l’l’lz] D: — CIUDJ’ — Giﬂ.’}jaT — Giﬂ-)jSTf — p:BTI
:JI’ — Ea .} .
Pi = dijpP;

Tenzor 1. Fadu
Pyroelektricita nemiize byt v centrosymetickych materialech (10 grup)

P —1 0 0 Pl —p1
pHh=|psl=|0 -1 0 pl=|-r|=—-(p
Ph 0O 0 -1 3 —p3

Stred symetrie

Neumanniiv (Voigtliv) princip

—P1 P1
_pz — pz _ > p] o pz == !}3 = 0
—pP3 P3

24



Grupa 32 (napt. kiemen)

Neumann
P —1/72 V372 0\ [pi —p1/2+/3p>)/2 P
;’-}5 = —\/5/2 —1/2 0 P2 = _\/gp]/z —p2|=|r
P; 0 0 1/ \ps P3 P3
Trojcetné otoceni
pr=p2=0.

,’-ﬂ 1 0 0 P P 0

1.}_;2 = 0 —1 O [;2 — _[}2 — O

Ps 00 -l pP3 —P3 P3

Dvojcetné otoCeni

[J] — pj = [)3 — 0

25



Grupa 3m (napf. turmalin)

Neumann
P —1/2  J3/2 0 Pi —p1/2 4+ /3p2/2 P
1'}{.’ — _\/ﬁﬂ —1/2 0 P2 | = —\/gpl [2—=p2/2 | = | P2
P; 0 0 1/ \ps P3 P3
Trojcetné otoCeni /
pr=p2=0.

Pf] —1 0 0 Pl —pI 0

phl=10 1 O0llp2|l=|pr|=10

pg 0O 0 1 P3 p3 @

Zrcadleni

26



Grupa com (feroelektrické keramiky)

p cosd —sind 0

p> | = | sin®  cosd

6l
|

(S

-

p1cosf — prsinf

= | p1sSiné + ppcosé

P3
P} —1 0 0\ /pi
prl=10 1 0]]|p]|=
5 0 0 1 P3
Zrcadleni

P2

P3

Pl
P2
P3

I

Pro vSechna 0

\

0
0
73

pr=p2=0

27



Point group 2

Per elektriCké tf.idy Polarni osy Two-fold

Vektory axis Il Z,
do ekvivalentnich
bodi
w7 Z’)
10 trid i
Point group | P2 2 o
P3 Point group m
Z)
0
Point group 2 2
0 Z,
Pl Mirror 1 7,
Point group m 0 _
3 Point group 2/m
Nulovy efekt
0
Point groups mm?2, 3, 3m. 4, 0
dmm, 6, 6mm, 00, 0Om 73

{\




Experimented Secondary Primary

value (;}X) effect [px —ph) effect (pj,:;")
Ferroelectrics Zme€na rozmériu Preusporadani
Poled ceramic (ocom) bunky polariza¢nich naboji
BaTiOs —200 +60 —260
PbZrpos5Tig 503 —268 +37.7 —305.7
Crystal
LiNbO3(3m) —83 +12.8 —05.8
LiTaO3(3m) —176 —1 —175
PbsGe30q1(3) —035 +15.5 —110.5
Ba>sNaNbsOqs5(mm?2) — 100 +41.7 —141.7
Srp5Bapg sNbyOg(4dmm) —550 —438 —502
(CH>CF2)y(mm?2) —27 —13 —14
TGS (2) —270 —330 +60
Nonferroelectrics
Crystal
CdSe (6mm) —3.5 —(.56 —2.94
CdS (6mm) —4.0 —1.0 —-3.0
ZnO (6mm) —04 —2.35 —6.9
Tourmaline (3m) +4.0 —3.52 —0.48
Li»SO4 - 2H50 (2) +86.3 +26.1 +60.2




Dielektricke konstanty .

Nucleus

Electron cloud

Electronic

£

Cloud s

hifts

Cation Anion

®

lonic motion

Molecules

CachCH

Mobile charges

-+
+

Space charge

_E_.'+

+

+

= &£/&g

D =c¢E

[C/m?] [Fim] [V/m]

D,g — E,‘ngj

Space charge

Dipole rotation

molekuly

jonty
elektrony

Infrared vibration

Electronic polarizability

A4

Frequency

K" Conduction losses IR and microwave spectra
Y
VAN 6 a ﬂ
Radio and television T Infrared modes T Near ultraviolet
Microwaves

Visible



Transformace souradnic v tenzorovém znaceni

Di _ aiij — a;jt"jkEk — atjgjkalkE; Tenzor 2. Fadu
/
D; = & E]. €i1 = WijaIkEjk
i1 = — = dijdik Ak
€0

Transformace souradnic v maticovém znaceni

3 x 1 3x3 3x1 3x3 3x3 3xl
D) = (@ D) = (a1 (€) (E)
3x3 3x3 3x3 3x1 I3 x3 3x1
= @ (o (@' ((E) = () (E)
/
Smérové kosiny (Kf) = (a)(K)(a);

31



Zachovani energie

Eij = &ji Kij = Kj;

Zména energie pii aplikaci pole d U — E ; d Df — 8!;)" E;‘ d Ej

dU = e EV\dE) + epEdEy + e21 E2dE) + - - -

U Ei + 601 Er + 63 E
— =€ £21L2 + £31£3
E‘)El [1L£] I I
U Ei + emE» + e1oE
: = €12 ENL? €32L3
JE> 2=

92U

N = €21

JoE10E»

92U

— £ UloZena energie nezavisi na potradi aplikace sloZek pole

dEH,0E B

32



Ulozena energie na jednotkovy objem musi byt kladna

E
I
f EI;‘J;EI' dEj = ;EJﬁEI'Ej > 0
0 L

l ] 1 l 2
= senkEy + 5822E§ t5enky+enkiby +enkiEs

+ e3ErE3 > 0. \
K.>0
ii
K1 + K»n > |2K)5]

Nediagonalni prvky jsou
mensi nez diagonalni

33



. L . Dvojéetna osa Z
Priklad — minimalni symetrie J

v kubickych krystalech — grupa 32 , 2IL100] { e ,
> Z, ,: “““““ "lzz
Z
0 +1 0
((';): 0 0 +1
+1 0 0
(K') = (a)(K)(a), trojCetna osa
(l 0 0 K1 K Kiz 1 0 0
=10 —-1 O Ky Kr» Kxn 0O —1 0
\0 0 —1)\Ky Ky Ku)\0 0 —I
( Kii  —Ki» —Ki3 Kii K Ki3 J
= | — K> K>» K>3 =Ky Kn Kx|.
\—K31  K»» Ks3 K31 K Ks3, 0 1 0\ (Ku 0 0 00 1
(K'y=10 0 1 0 K» Kx 1 0 0
\1 0 O 0 K3 Ksi3 0O 1 O
Neumanniiv princip (Kn Kx 0 Kn 0 0
=Ky Kizz 0 = 0 Ky» Kxn
. 0 0 K 0 Ky» K
Kip=Ki3 =Ky =K3; =0 \ ! o



Kyp 0O 0
(K)=1 0 K;1 O
0 0 K
Zjednodusené odvozeni
Dvojcetna osa Ly = L. Ly > —1r, I3y — —73
podel Z,
|l - 1, 2—- -2,3 > -3.

TrojCetnd osa
podél [111]

Ky 11— 11=11
Kp 12— —-12=12
K3 13— —13=13

Kip 11 —22=1I1

S Kip=0
K3 =

S K =K»



Triclinic crystals
Classes | and 1
Six coefhcients

Monoclinic crystals
Classes 2, m, and 2/m
Four coefficients

Orthorhombic crystals
Classes 222, mm?2, and mmm
Three coefficients

Uniaxial crystals
Classes 3, 3. 32, 3m, 3m, 4, 4, 4/m, 422,

dmm, 42m, 4/mmm, 6, 6. 6/m. 622,

6mm, 6m2, and 6/mmm
Curie groups 00, oom, 00 /m, 002, and oo /mm
Two coefficients

Cubic crystals )
Classes 23, m3, 432, 43m and m3m
Curie groups 0000 and oooom
One coefficient

Kii

o O

K11

(
(
;
(
|

o O

K11

o O

;EG

(O3]

K33

o O



/ 2 2 2
11 =ap K+ ap K + aj3K33.

Ve sferlckych souradn1c1ch

T = Kj cos’ qbsm 6 + Ky sin’ qbsm 9 4+ K33 cos” 0

K KH> POy

10,000 Tetragonalnf -42m Z

1000 - /\/x
Ki
100 K/\j[(n Z,
_/K'”

10 -
Temperature Zs
| 1 1 | 1 ‘ l
50 100 150 200 250K —
VK 7 N K33
Silné anizotropni a teplotné zavisla .l/%é\%\\\\ {/{//ﬁ Z,
permitivita E SR



Polykrystalicka dielektrika 1
yery T K = S (K + Ko+ K)
. , N N Stredovani smérovych Kkosinii
(K1) = Kii{ay,) + Kaf{ayr) + K33(ay3) pies viechny thly
L 2
f_Jr ay, dayy I 7
(a3)) = = = (a3,) = (a%;).

| — 5
JZ dai 3

200 — /
T~
150 |-

Kh:Kéz
100

5{] B n " K;’B TI02
Ki1=K2
0 : b :

10> 10* 100 10° 107
Frequency (Hz)

Real and imaginary
dielectric constant




Napéti a deformace +
X13
Xiza™
Xt X Xi3 ) P e
(Xjj)) = | X12 X X3 | [N/m7] : ‘
X13 X3 X33 X,
/\ ) ) N X1 | Xy Pz,
X1
Smér sily Z,A/
Normala k ploSe Tenzor neni tenzorem
vlastnosti!!!
Staticka rovnovaha — absence rotace — symetricky tenzor
(X’; — X Tahové slozky podél Z|, Z5, Z;

, , , X5 = X12 V hlavnich oséach tenzoru
11 12 13
oyl ! . X3 = X33 (Xl Xn\
12 22 23 | — I y! = X>

R Xy =X Xip 0 0 P
13 423 433 =X, 0 X»n 0 |= 3—033

0 0 X
\Xé — X 33 0

Smykové slozky podél Z’i, Z., Zi; K 0 )



Transformace tenzoru napéti

(X e

X;j = ﬂfk(t'ﬂka. E a1
.i_r% | %31
il | el
_% 5]

;) e

Xi =anX) +apXo + -+ a16Xe

o2
22
32
042
x52
X462

13
23
o33
043
53
63

14
o024
o034
044
o054
64

Xil — l‘3"'131:{11 + anappaXyy + apnanXo) + - - +a%2ng R

|

2 2
Q] = daj;. @12 = ay,, A1 = 2d11d12

15
25
o35
45
55
65

40




()

(@)

(azyayy)

\(a,az)

[ (1))

(ai,)
(a13)
(@12a13)

(@13an)

\(a11a;2)

(@33a1y3)

(@y3az)

(a3,)
(a3,)
(a33)

(@32033)
(azas)

(az1aan)

(2ay2a3)
(2a37873)

(2a32033)
(a3 + axasz)
(ajpaaz + ay3as;)

(ay2ax + ay3ax)

(2a;3,a3;)

(2axas2)

(2ax3as3)
(@22033 + aA32a23)
(@21a33 + @31ds)

(azjasz + azjaxn)

(2ayaay)

(2a33a71)

(2azaasy)
(21033 + a@xaay)
(@383 + ayydaz)

(ay3d2; + dyya)

(2asay)

(2as2a12)

(2azzaz)
(a12d33 + axa;s)
(@yia1s + aass)

(ayayz + apaasz)

(2ayiaz) \
(2ay1az)

(2a3)a3;)
(azax + az1asz)

(ajasy + apas)

(@) an +-f111'111|:|'fJ

(2apaz)

(2ayza2)

(2aj3axn)
(Az2a13 + ajpaa3)

(@ax + axas)

(anan +ﬂzlﬂlz})

Umn = ikl = aikdjl + (1 — dp)ayaj

—1 —1

Uppy = gy = Gilj + (1 — ) akja;.
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Tenzor deformace

(a) (b)

Z, A Z,A tah 7,4 torze
-"'ll |
>7 5 > 7 8 o,
‘ ‘ “I' symetricky tenzor
Priklad Su: X11 X122 X13
|
01 —01 0 (Ig)ZEZ X12 X2 X23
@p=]-01 02 0 J X13  X23 X33
0 0 0
Ui = XijZj

{g,g,m\ uy = 0.1(2)—0.1(0)

u = —0.1(2) +0.2(0) 42



L

Zména objemu jednotkové krychle

f ! ! !
Xg = X3 + X1 = 2X)p AV ﬂ
v = X11 + X22 + X33
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Thermal expansion coeflicient (o x 107%/K)

Teplotni roztaznost

Zn0O

Koeficienty teplotni roztaznosti
jsou Casto siln€ teplotné zavisle

—1.5 | | | | l
0 150 300 450 600 750

Temperature (K)

Xij = j AT Symetricky tenzor
_ 2. tadu
strain
Zy
Z|
o
Spherical %33
coordinates

Z Z,
AN Z

2 . . . 2
®j; = @1 COs~ ¢ sin’ 8 + &y sin? ¢ sin® 6 + a33 cos? @

Pro krystaly s nizkou symetrii

Stejny typ tenzoru jako
dielektricka konstanta

Koeficienty mohou byt
kladné i zaporne
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Trigonalni, hexagonalni, tetragonalni

ajy =0 =aq sin 6 + as3 cos2 @

Z3=[001] a1 =an = —5.6 x 107%/K
a3z = +25x 107%/K
+ / Zero o
—~ Z Cubic crystals e (10°°K)
1
¥—— Negative « Diamond (C) 1.4
Silicon (Si) 4.2
. Germanium (Ge) 5.9
.‘_
Positive o Copper (Cu) 17
Silver (Ag) 20
Gold (Au) 15
Iron (Fe) 12
Platinum (Pt) 8.3
Tungsten (W) 4.3
Trigonal crystals @11 @33 Hexagonal crystals ol o33
Calcium Carbonate (CaCO5) —3.8 21 i _
Sodium Nitrate (NaNO3) 3 120 g’{iﬁ"(‘“fz‘r‘l‘;‘“ (Mg) ﬂ g?
Tellurium (Te) 28 —17 Cadmium (Cd) 19 48
Antimony (5b) 8.2 16 Magnesium Hydroxide (Mg(OH)») 11 45
Aluminum Oxide (Al,0O;5) 54 6.6
Orthorhombic crystals a1l @) 33 Tetragonal crystals il 33
: Tin (Sn) 46 22
lodine (1) 133 9% 3 Tianium Oxide (TiOy) 7.1 0.2

Lead Chloride (PbCl;) 34 39 17




- A Piezo - tlak, mechanicka sila
Piezolektrina P = duXu

%;ﬁ

polarizace napéti

/
Pf = Grjpj = i?.{jdeXkI

f _ 1. ! _ qf f
P i C?Udj“amkﬂ”men — dimnan

Tenzor 3. radu
: | (X ]\
iy = AijmkAnldikl. Y,
P dyy dpp diz dig dis dig -
| | | | X3
Symetricky — 18 koeficients | P2 | = | d21 dxn daz dr4 dys dys | |y
P d3; dzp dsz dsg dis  die y
Xs
\Xo/

Xi1=X1. X=X, Xs3=X3. X=X =X,
Xi3=X31=X5. and X3 = X3 =Xy.
ding =di. dip=din. dizz =diz,  dizz+diz2 = 2d123 = dyg,

di31 +dy13 = 2d113 = dis,  dii2 +di21 = 2dy2 = dye. 46



.rij =d ijk Ek

Priklad

Inverzni piezoelektricky jev

Bodova grupa 2

DvojcCetna osa || Z,

(a) = (

—1
0
0

0
l
0

0
0
—1

d) = (a)

di
da |
d3

o
X2
X3
X4
X35

\ o/

V maticové formeé

di>
da

d3)

di3
dr3
ds3

diy
o4
d3y4

dis
das
d3s

(di)
d12
di3
di4
dis

\d16

Neumanniv princip

d') = (a)(d) ()™

d[()‘
dré
(!36

dy
dr>
dr3
dr4
d>s

d2e

oo o O

oo o o= O

0'31\

d3>
ds3
d34
d3s

d36 )

S o O = O O

an i an I an)

o O

a]

o — O O O O
o O

_])



-1 0 O diy dip diz —dia dis —die
(d") — 0 | 0 dry dr dry —dyy drs —drg 8 riznych nenulovych
0 0 —1/ \ds1 ds» dy3 —dys dis —ds/ Kkoeficientu

—diny —dn —diz +dis —dis +die
= | +do1  +drn +dy —dry +drs —dyg
—d31 —dy» —d3z +dis —dzs  +d3e

(C12H2041) (NH2CH2COOH)3

Coethicient Sucrose Triglycine sulfate Pro keramiku
dh 1.48 23.6  feroelektrikum oom
dr» —3.42 7.9
dr3 0.74 253
di4 1.25 2.8 00 0 0 ds 0
dig —2.42 —4.6 0 0 0 dis 0 0
dhs —0.87 24.3 dy1 diy;  dyz 0 0 0
d3g —4.22 —3.2
dag 0.42 2.8
v pC/N
Poled ceramics (oom) di d33 dis
BaTiO, —78 190 260
Pb(Zr, Ti)Os
PZT-5H —274 593 741
PZT-8 27 225 330

Ko.5NagsNbOs —351 127 306



Point groups 1, 2/m, mmm, 3, 3m, 4 /m,
4 /mmm, 6/m, 6/mmm, m3, 432,
m3im, oc/m, oc/mm, oCoo, 0OOCM

di

Point group 1 da)
ds

0

Point group 2 dy

Point group 4, 6, oo

Point group 4

Point group 4mm, 6mm, oom

§

= o

d3)

0
0
di3

(3)

0
dis
(0

11 krystalovych tfid nepiezoelektrickych (9 centrosymetrickych)

Priklady

dig
d"ﬂﬁ

—

dg

49



) dp —dyp 0 0 0 =-2d»
Point group 6 —d» d»n 0 0 0 =2dy
0 0 0 0 0 0
(2)
~ 0 0 0 0 0 —-2d»n
Point group 6m?2 —d» d» 0 0 0 0
0 0 0 0 0 0
(1)
Cubic (43m) dia (pCN)
—- Bij25104g 40
: NaClO; 1.7
43m, 23 NaCl M
ZnS 3.2
0 0 0 dlsl 0 0 Hexagonal (6mm) diy d33 dis
0 0 0 0 dig 0 ZnO -5.0 12.4 —8.3
o 0 0 0 0  dy CdS 5.2 10.3 —14.0
AIN -2.0 5.0 4.0
(1)
Tetragonal (4mm) ds dx3 dis
[001] A BaTiO; _345 85.6 392
[111] PbTiO; —25 117 62
Tetragonal (é_lﬁm) di4 dg
KH>PO4 1.3 21
NH4H,PO, 1.8 48
Tetragonal (422) di4
> TeO; 8.1
0 [110] |
Trigonal (3m) 3 d» di3 dis
v . ., LiNbO; -1.0 21 16 74
Rez piezoelektrickym povrchem LiTaO4 —3.0 9.0 9.0 26
Tourmaline —0.3 —0.3 —1.8 -36



(b)
ZnS

J % Bez napét

Smykové napéti X, kolem Z,

/ Tendence vyrovnani 4
vazebnych délek, dvouvalentni Zn
atomy se posunou podél Z, — d,,

Q Elektricke pole com Tahové napéti co/mm
Curietv zakon

m}c \/Eg) %;K/C \;;,,iﬂ Spolecné prvky: mkolmok Z,, Z, a 2 podél Z,
- ~ N P
X % X X X } Ortorombicka grupa mm?2
® ® ® ©® ©@
PVDE = (CH2CF2)y dy =20pC/N d3p = 2. d33 = —30
polyvinylidene fluoride dalsi male

Z3
<C\
= " Dievo grupa 222
b¥iza Male koeficienty
7 T
diy = —0.18, dps = 0.30, d3s = 0.07 pC/N
ZI



PZT
PbZr1—Ti O3

ZiTi

Cubic perovskite

m3m

PbTiO;

Rhombohedral Tetragonal

MPB 4mm
3m /
14 moznych orientaci polarni osy

8 <111> 6 <100>

Sy

(b)

PbTiO;
mmetry dmm

Lo

{

Pod

GER RRY)

D

napétim

S

—5—D
VAR AR
Py=d33 X3

ds3=120 pC/N

- 50

(d)

P3=d,5X5

=>



Kremen

Grupa 32
(xl\ ( d“ 0 {:}\
X2 —dq1 0 0 E
X3 0 0 0 El dig =227
- 2
X4 di4 0 0 E dig = —0.67 pC/N
X5 0 —digs 0 3
\Xﬁ) \ 0 —2d1 1 {:})
X-Cut
X =dE, Xo=—d E, Xl i
Thickness mode ' Transverse mode Face shear mode
Y-Cut
Xs=—d,4E, Xe=—2dE, z,

4.—"

1@; |

Face shear mode Thickness shear mode

(01.1)

(01.1) —

1.3

I

AT

7,

Q/ﬁ
N
LIq

~

Ruzné rezy krystalu
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Elasticita

Xij = CijkiXkl

ij

!

!

= Cijoprop:
( T4
1 €2
e e
B RV
cs51 €52
Kﬂfjl C62

Cl3
€23
€33
€43
€53
€63

2 sméry pro specifikaci napéti (sila, normala k roving)
2 sméry pro specifikaci deformace (posunuti, orientace
osy méfeni) — tenzor 4. fadu

Cl4
€24
€34
C44
€54
Cod

§ 7
Uik djICkImnompnXop

C15
€25
€35
€45
C55

€65

.= AixAj1Xk = AikAjICKImnXmn

(x1)

A3
X4
X5

\ 6/

/ ;
Czjﬂp = dikdjldomApn Ckimn

81 slozek

Symetrické tenzory — 36 slozek

54



Ulozena mechanicka energie dW = X;dx; = cijxjdy;

= c1x1dxy + cppxodxy + e xpdxs + - - -

—— =cC1X] +cpx2 + -+ -+ CleXe — 1
dx it 1242 1616 91942 12
ow o
92 = C21X] + €22X2 + -+ - + C26X6. 221 \ Cl2 = C21.
= 21
X2 0X] Cr.'j — Cj.'

CijkiSkimn = OimOjn
21 pottebnych slozek

Pro kubické krystaly crr = (st +s12)/(s11 — s12)(s11 + 2512)
ci2 = —=s12/(s11 — s12)(s11 + 2512)
Cqq = 1/544.

Pro hexagonalni krystal
i yStaly c11 +c12 = $33/S

crp —cr2 = 1/0s11 — 512)
c13 = —s13/S
33 = (511 +512)/S

_ .
Caa = 1 /544, S = 5330511 +512) — 2573



Priklad 4/m

CaWwo,

411 43

/

] - 2,2 — —1,3—= 3

(51]

512

513
0
0

\Sm

512
ST1

513

0
—516

mlZ,

| > 1.2 — 2.3 — —3

Zadna nova omezeni

1111 — 2222
2222 — 1111
3333 — 3333
1122 — 2211
1133 — 2233
1212 — 2121
1313 — 2323
1233 - —2133
2321 — 1312
1312 - —2321
1112 - —2221

(511 = 8522)

($20 = 511)

(533)

(12 = 521)

(513 = 523)

(566)

(555 = 544)

(563 = =563 = 0)
(546 = 856)

(556 = —546 = —5856 = 0)
(516 = —526)
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Orthorhombic
222, mm?2, mmm

Tetragonal
4,.4,4/m

Hexagonal

(6‘11
C12
C13
0
0

\ 0
(C1

€12

C13
0

0
\6'16

€12
€22
€23

C12
11
13

0
—C16

0, 6, 6/m, 622, 6mm, 5m2,

6/mmm
Curie groups

00, oo, 00 /m, 002, 00/ mm

Cubic

23, m3, 432, ZBm, m3m

C11
Cl12
€13

\ 0
(Cll

€12

C12
0

0
\ 0

C12
Cl1

C12
0
0
0

OO o OO

P¥iklady

o O OO

C44

=y
-]

.

oo o OO




A v 1011 N/m?

C11 C12 Cl14
Alkali metals (body-centered cubic)
L1 0.135 0.114 0.088 8.4
Na 0.074 0.062 0.042 7.2
K 0.037  0.031 0.019 6.7
Semiconductors (diamond structure)
C 10.20 2.50 4.92 1.3
Si 1.66 0.64 0.80 1.6
Ge 1.30 0.49 0.67 1.7
Alkali halides (NaCl structure)
NaCl 0485 0.125 0.127 0.7
KCl 0405 0.066 0.063 0.37
RbCl 0.363 0.062 0.047 0.31

A = 2c44/(c11 — C12)

Anizotropie

A <1 nejtvrdsi podél <100>
A > 1 nejtvrdsi podél <111>
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NaCl

% Sodium

C—Cbond 1.42 A

A [001]

S
3

v
A (001

e

[111]

»[110]

1.6
2.9
1.1

J
]

29 1.1
1.6 1.1
1.1 05
0 0
0 0
0 0

<«— Interlayer distance 3.35 A

Cyy > Cg3

\ [[11]
/ » [110]

e i i S )

e

Stiffness (tuhost)

o o o o O

Metal ¢ 33 c33/cq a c c/a
Be 2.92 3.36 1.16 229 358 1.56
Cd 1.16 0.51 0.44 298 562 1.89
Co 3.07 3.58 1.17 251 407 1.62
Hf 1.81 1.97 1.09 3.20 506 1.58
Mg 0.60 0.62 1.03 3.21 521 1.62
Re 6.13 6.83 1.12 276 446 1.62
Ti 1.62 1.81 1.12 295 469 1.59
Zn 1.61 0.61 0.38 266 495 1.86
Zr 1.43  1.65 1.15 3.23 515 1.59




Stladitelnost Zména objemu na jednotkovy objem  y 11+ Xoot Xag

1 dV
K=——— Xii = SiikiXki = —Siiki P ki
V dp
K = Siitk = S1111 + S1122 + 51133 + 52211 + 52200 + $2233
+ §3311 + 83322 + 53333
10 + 570 + 533 + 28512 + 2813 + 2593.
oy = Kl
et
=
E or Nal @/® KBr
2 . .
2 Krystalyf dloy.fl}/ml vazbami
S 4r jsou stlaciteln&;jsi
@)
2 -
LiF
0 | | | | |

20 25 30 35 40

Bond length (/OX)
60



Teplotni
zavislost
elastickych
konstant

Antracen
CiaHypo

2/m

Silna anizotropie

(c)

slabé vazby mezi molekulami

Stiffness (GPa)

(b)
] 110 |
diamant 100 |
@ 108l 90 “n
i 80+
1080 |- . '
‘n = : .,
1079 - B L0 1 hlinik
= : 1 wn - _|
=¥ [ o =
s L s 26} .
. i i .
g - (‘4__1 Lﬁ K tas ]
% 578 I » :
o | 18 -
125 C12
- €12 6o T
124 i I O 50 . I T T T T O |
0 200 400 600 800 0 200 400 600 800
T(K) T(K)
—35F (35
5 7 N
- L 2
E 25+
€33 I ” - —
B B ~15 1 1 L L 1
o 100 T(K) 300
I &'E T i C12
) ~ T 8
i g | cu i
:.E: y Z 6
e &
L c z B
- 3 65 4
i \ L — Cﬁlﬁ
— 2 -
| | | | | | L L I ] I I I | I 1 | 1
100 300 100 300 100 300
T(K) T(K) T(K)



Magnetické vlastnosti

Conduction
electrons
m*< m m* > m
precession Pauli
£<0 paramagnet
" 105 r>0 104

Diamagnetic

Superconductor
perfect
diamagnet

L

Magnetizace

™~

Magneticka

B=uH
~

Magneticka

susceptibilita permeabilita
Crystals
Localized Nuclei
electrons
/ \ Even—even Others
_ =0 [#0
Pal‘l‘Cd Unpaired TT
spins spins
Precession Orientation Orbit +spin | 4f
of moments
%<0 AWK 1>0
) . : . 3d
Diamagnetic Paramagnetic Spin only
Ferro- Antiferro- Ferri-
magnetism magnetism magnetism

YV

Avivay

ALYAAY

62




PERTTE ittty tutit,
v v \
A A T T A A A | A | A i
\/ \ 4 v \/ v
A A A A A A A A A A i T L A i
v v v
A A A A A A i A A i i
R v
Collinear Collinear Collinear
ferromagnet antiferromagnet ferrimagnet

PANF.A NS A U A N T\‘T\T\‘
P AP AN v
AN

Non collinear Non collinear
weak weak Strongly
ferromagnet antiferromagnet canted

ferrimagnet



\ x _______

Antiferromagnetic

Ferromagnetic

helicoid / /

Cycloidal
antiferromagnet



(2) S Dvojcetna osa ®
(rovnobéZné a kolmo)
Current loop
CE« é .y >
Resulting magnetization
® o
Rovina zrcadleni

, (rovnobézné a kolmo)
(b) é
(c) (

d) . N
QI) Inverze V(\D O Casova inverze




(a)

)

1o

(b)

L

(d)

p T

g

-2

Antiparalelni spiny

|

Casova inverze

90
dodatecnych
magnetickych
bodovych
grup
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Magnetickeé bodové grupy

2/m KAlSl’;Og 2’ 2” m, m” -1
nemagnetické

Krystalograficka 2/ml’
grupa (obsahuje obycCejné \

a Casove prevracené X v : cké
orvky symetrie) Ctyri magnetické grupy
2/m m 2'/m m ErOOH
O OLX> O O
N e oy @ ® I,

2/im'




Pyromagnetic =~ Magnetoelectric ~ Piezomagnetic Generating elements

Tetragonal
4" /mmm’ 0 0 3(2) mlZ,m1LZ, 4| Z3
4/mm’'m’ 1(1) 0 5(3) m LZ,m1Z;, 4|73
4/m'm'm’ 0 3(2) 0 m LZ.m' LZ3, 4| Zs
4/m"mm 0 2(1) 0 mlZ.,.m 175,473
4 /m"'mm’ 0 2(1) 0 mlZ.,m LZ, 4| Z;
Cubic
23 0 3(1) 3(1) 21 Z, 3| [111]
m3 0 0 3(1) m1LZ,3|[111]
m'3 0 3(1) 0 m LZ,3][111]
432 0 3(1) 0 41 Zy, 3 [111]
4'32 0 0 3(1) ANZy, 3| [111]
43m 0 0 0 4101 Zy, 31111]
4'3m/ 0 3(1) 3(1) AN Z, 3 1111]
m3m 0 0 0 m1LZ,3[111],
m 1 [100]
m3m’ 0 0 3(1) m 1L Z,3|[111].
m' L [110]
m'3m’ 0 3(1) 0 m' LZ,3|[111],
m’ 1 [110]
m'3m 0 0 0 m LZ,3]|[111],

m L [110]



(b)

Cr,0; | =




Maxwellovy rovnice ve dvou formach

Vector form

Tensor form

5> o 0B
VXE:—‘—
ot
7))
VXH:J—F‘—
ot
V.-B=0
V-D=p

JEy

Eijk = = —

0Z;
JoH}

iz,
J

- — O
07,
dD;
07;

=p

l

dB;

ot

aD;
ot




I Spontanni magnetizace
Pyromagnetismus P J Al = QAT
AN

Pyromagneticky koeficient

AIl = +lalaj Al = £|ala;Q; AT

= +|ala;Q; AT = OQ.AT'. /
AaGAl =0 0; = £lala;Q;

3x1 3x3 3x1
Priklad: Co Q) ==lal (@) (Q).
6/mm™m’
Generatory: 1 0 0 — 0
6|Z3,mlLlZy—> O)=(D(=DH |0 1 0 ) Q) =1-0
m' L7 0 0 -1 03

\ Q,=-Q,=0,Q,=-Q,= 0, Q,= Qs
' —1 0 0 0 0
@)=l o 1 ofJlo]|=]0

0o 0 1) \o; @
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Magnetic point groups

Pyromagnetic matrix

1,1
2\, m’, 2" /m’
2,m,2/m

2272, m'm’2, m' 2" m,
m'm'm, 3. 3,32, 3nm’.
3m’,4,4,4/m, 42'2,
dm'm’, 42'm’, 4/ mm'm’, 6
6, 6/m, 62’2, 6m'm’, 6m'2,
6/mm'm’, 0o, oo/m, 002/, con’,
oo/ mm’

All others

(Q1. Q2. Q3)
(01.0,03)
(0, 02, 0)
(0,0, 03)

(0,0,0)

Spontaneous magnetization

Pyromagnetické grupy

Gd momenty (4f elektrony)

Fe momenty (3d elektrony)

Temperature (K)



Magneticka susceptibilita, permeabilita

!
Xij = dikdil Xkl

) , Analogie s elektrickou permitivitou
[Lij = Aikdjikl = Xj; + KO a dielektrickou konstantou

Priklad:

Anizotropie magnetické susceptibility MnO
Oxygen

Antiferromagnetic

5vg
Q. O
00,
% O
S

%o O
O *a
Paramagnetic \OX O
O B
% O

FTO0,9

el

Manganese spins parallel to <110>



Magnetoelektricky jev

[Wb/V m]

V/
[Wb/m?] . / /[ !
I} = £lala;l; = £|ala;;QjxEx
= +lala;jQjrarE; = Q}E,
Q. = *lalajjaiOj.
3 x 1 3x3 3x1 3x33x3 3x1
Iy ==%la| (@ ) ==xla| (@ Q) (E)
3x33x33x33xl 3x3 3x1
==xla| (@) Q) (a) (E) = (Q) (E)
3x3 3x33x3 3x3

(@) ==£lal (@) (O

(@);.



Magnetoelektricky jev je nulovy pro vSechny grupy obsahujici ¢asovou i obyc¢ejnou inverzi

(@) = (=DEHDHEHDHQH]) =(-0) =(Q) =0
(@) = (+FD(EEDH(EDHD(=) =(-0) =(Q) =0

Ptiklad: Cr,O4 , 0, 0}, 0 —1 0 0\ (On Qi 01
5! / m L Z hWo0% 0% | =(D(=D 1 0] 1Qxn 0Oxn O
m 0 1

0
51 0% 05 0 031 Oxn 033
—1 0 0
x| 0O 1 0
0 01 Neumann

O —0Qi2 —013 On Q2 0O
=|-0x 0Oxn 0x |=|0xn 0Oxn 0Oxn
—031 0O 033 031 O3 033

Qn=013=02 =031 =0



(=D(=D

|
S B
o O

~/
3 ” Z3 n 9 0O O O 0
0y 0y 0O 0 QO»n 0O
51 05 O3 0 Oxn 0Os3

[

X

— G5 1=
S = M‘% o M‘% tol—
o

( ($011 +302) (- ?Qn + @QQ:) (?QB)
= | (B0 - %L0»n) (Gon+1i0n) o)
(

\ (?Qm) — 30%) (Q33)
(On 0 0
=1 0 Oxn Q23)
gfﬂ’tl \ 0 On O3
Q=02 03 =03»=0
On 0 0
0 Qun 0

58 magnetoelektrickych gru
0 0 Q33 g ycn grup



@ <4— Nonmagnetic anion

T @, <«— Magnetic cation

Magnetic dipole / @ <« Symmefry center |’

l @ <«— lons move closer

y Tt
A Magnetic dipoles no longer cancel
Applied electric field E o because crystal fields differ

@¢

<«— Jons move apart

Electric dipole —»

Dipoles cancel

Electric dipoles -

O



Piezomagnetismus . 5
[i [Wb/m~] = Qi [Wb/N]Xjx [N/m~]

I} = %|ala;l; = £|ala;QuXu

1

/ ! !
— +la ﬂzjﬂmkamQjﬂan — Qimnan

!
Qimn = Llalaijamxan Qjta.

Tenzor 3. radu
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Magnetic 24 Nonpiezomagnetic

90 magnetic point groups

/

™~

66 Piezomagnetic

N

59 Nonpyromagnetic

31 Pyromagnetic

32 Crystallographic point groups

/

AN

12 Nonpiezoelectric

20 Piezoelectric

/ \ Electric

22 Nonpyroelectric

10 Pyroelectric

Ferroelectric

Ferromagnetic




Nelinearni jevy

Dielektrické vlastnosti D; = ¢jjEj + €jjkEjEx + €ijm EfEKE] + - - -
0.3 7
0.2
S
a 0.9PMN-O.1PT [Pb(Mgo.3Nbo ¢ Tio.1)O3]
0.1
v paraelektrickém stavu
Elasticke vlastnosti 00 O T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
E (MV/m)
napéti deformace g -

X"’j — Cijk[xk! + Cljk[f?m.xk[xmn + -

/
Ciikimn = QioljpUkqAlrAmsUntCopgrst

vulkanizovana
2 - guma

Microstrain
.
|

| | | | | | |
0 12 3 4 5 6 7

Stress (MPa)



V maticové formé X; = CijXj + CijkXjXk =+ - - -

Cubic crystals (m3m) Cl11 Cl12 C123 C144 €155 C456
NaCl —8.43 —0.5 +0.46 +0.29 —0.6 +0.26
Ge —7.20 —3.80 —0.3 —0.1 —3.05 —0.45
Cu —13.50 —8.00 —1.2 +0.66 —7.20 —0.32
Hexagonal crystals (6/mmm) Cl11 C112 €113 C123 €133
Mg —6.63 —1.78 +0.30 —0.76 —0.86

C144 €155 €222 €333 €344

—0.30 —0.58 —8.64 —7.26 —1.93

U polymert kladné
Symmetry Second order Third order
Triclinic (1, 1) 21 56
Monoclinic (2,m,2/m) 13 32
Orthorhombic (222, mm?2, mmm) 9 20
Trigonal (3, 3) 7 20
(32.3m.3m) 6 14 Pocet nezavislych koeficienti
Tetragonal (4, Zl, 4/m) 7 16
(422, 4mm, Z_LZm., 4 /mmm) 6 12
Hexagonal (6, 6, 6/m) 5 12
((_)'}1-12, 622, 6mm, 6,/mmm) 5 10
Cubic (23, m3) 3 8
(432,43m, m3m) 3 6 81




Elektrostrikce

Xij = dijkEx + MijuEE

Xij = Qijiki Pk P

(a) Transverse strain
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(b) Transverse strain
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Polarization squared (C*/m*)

Tenzor 4. fadu, narozdil od piezoelektrického

jevu pritomen ve vSech grupach

Pro kubickeé krystaly
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Mikrooblasti s fluktuacemi polarizace

82



Caste¢né uspotfadavani
oktaedrickych kationtli

Mg a Nb ionty méni polohy,

ale jen na vzdalenosti nékolika bunék

V téchto usporadanych ostriivcich

vznikaji fluktuace dipoli,

které generuji vysoké polarizace

a elektrostik¢ni pohyby.
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Magnetostrikce

(1)

A3
X4

\xo

Xij = Nijkilx1;

)

Casto silngjsi nez
piezomagnetismus

/
Xii = Aik@jiXk = AikdjiNkimndm Iy

. I\ s /
— (likaj!Nklnm(:I:|a|a0f??10)(:|:|a|ap”1p)
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Ni3 Nig  Nis
N3 Nyg  Nas
N33 N3s  Njs
Na3z  Naa  Nss
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